Abstract-A singularly perturbed convection-diffusion problem, with a discontinuous convection coefficient and a singular perturbation parameter ε, is examined. Due to the discontinuity an interior layer appears in the solution. A finite difference method is constructed for solving this problem, which generates ε-uniformly convergent numerical approximations to the solution. The method uses a piecewise uniform mesh, which is fitted to the interior layer, and the standard upwind finite difference operator on this mesh. The main theoretical result is the ε-uniform convergence in the global maximum norm of the approximations generated by this finite difference method. Numerical results are presented, which are in agreement with the theoretical results.
INTRODUCTION
Singularly perturbed differential equations arise in many branches of science and engineering [1] . Boundary and interior layers are normally present in the solutions of problems involving such equations. These layers are thin regions in the domain where the gradient of the solution steepens as the singular perturbation parameter tends to zero. The convergence of the numerical approximations generated by standard numerical methods applied to such problems depends adversely on the singular perturbation parameter [2] [3] [4] . Robust parameter-uniform numerical methods, Typeset by A M S-T E X PII:00 with maximum norm errors independent of the singular perturbation parameter, have been developed over the last twenty years (see [2] [3] [4] and the references therein). Most of this work has concentrated on problems having only boundary layers in their solutions. Note that problems with discontinuous data were treated theoretically, in the case of the reaction-diffusion equation in, for example, [5] . The analytical techniques developed there are extended in a natural way to the problems considered in the present paper. In [6] , we also examined the behaviour of the error for a class of singularly perturbed reaction-diffusion problems with interior layers. In a companion paper [7] , we analyzed robust numerical methods for convection-diffusion problems with weak interior layers.
Here, we develop and analyze parameter-uniform numerical methods for a class of singularly perturbed convection-diffusion problems, whose solutions contain strong interior layers caused by a discontinuity in the convection coefficient. More specifically, we are concerned with a two point boundary value problem for a singularly perturbed convection diffusion equation with a singular perturbation parameter ε. The novel aspect of the problem under consideration is that the convection coefficient in the differential equation has a jump discontinuity at one or more points in the interior of the domain. This gives rise to an interior layer in the exact solution of the problem. Our goal is to construct an ε-uniform numerical method for solving this problem, by which we mean a numerical method which generates ε-uniformly convergent numerical approximations to the solution.
We now outline the main points of the paper. In the next section, we describe the problem and establish the existence and regularity of its solutions. We state and prove a comparison principle and some a priori estimates of the solution and its derivatives. Then, we prove a stability result from which the uniqueness of the solution follows. We decompose this solution into smooth and singular components and establish ε-explicit bounds on these components and their derivatives. In Section 3, we construct a piecewise uniform mesh, which is fitted to the interior layers. The numerical method is defined by using the standard upwind finite difference method on this mesh. We state and prove a comparison principle and a stability result for the discrete problem. We introduce a decomposition of the discrete solution in Section 4 and prove the main theoretical result, namely the ε-uniform convergence in the global maximum norm of the approximations generated by the finite difference method. In the following section, numerical results are presented, which are in agreement with the theoretical results. The paper ends with a section containing the conclusions.
CONTINUOUS PROBLEM
A singularly perturbed convection-diffusion equation in one dimension with a discontinuous coefficient of the first derivative term is considered on the unit interval Ω = (0, 1). A single discontinuity in the coefficient is assumed to occur at a point d ∈ Ω. It is convenient to introduce the notation Ω − = (0, d) and Ω + = (d, 1) and to denote the jump at d in any function with
The corresponding two point boundary value problem is as follows.
where a, f ∈ C 2 (Ω − ∪ Ω + ); these functions are extendable into Ω − and Ω + in C 2 . Note the level of smoothness required of the solution, i.e., u ε ∈ C 1 (Ω). Throughout this paper, C denotes a generic positive constant that is independent of the singular perturbation parameter ε and of N , the dimension of the discrete problem. We measure all functions in the maximum pointwise norm, which we denote by
When the domain is obvious, we will omit the subscript in this notation. Note the sign pattern of the coefficient a of the first derivative, which is negative to the left of the point of discontinuity and positive to the right of this point. In general, there is an interior layer in the vicinity of the point of discontinuity x = d.
Proof. The proof is by construction. Let y 1 , y 2 be particular solutions of the differential equations
where a 1 , a 2 ∈ C 2 (Ω) with the following properties:
Consider the function
where φ 1 (x), φ 2 (x) are the solutions of the boundary value problems
Any function of this form satisfies
, and εy +a(x)y = f , x ∈ Ω − ∪Ω + . Note that on the open interval (0, 1), 0 < φ i < 1, i = 1, 2. Thus, φ 1 , φ 2 cannot have an internal maximum or minimum and hence
We wish to choose the constants A, B so that y ∈ C 1 (Ω). That is, we impose
For the constants A, B to exist we require that
This follows from observing that
Note that there will also be a solution to convection-diffusion problems with a discontinuous coefficient of the first derivative, when the coefficient a(x) has other sign patterns either side of the discontinuity. 
and a(x) < 0, x ∈ Ω, then a weak interior layer occurs to the left of x = d and a boundary layer occurs near x = 1. These weak interior layers have been examined in [7] . On the other hand, if the sign of a(x) changes at
+ , then, in general, the solution is not bounded independently of ε. We illustrate this case by considering the following constant coefficient problem.
Find u ε ∈ C 1 (Ω), such that
Its solution has the value u ε (0.5) = −0.5 + εe 1/(2ε) (1 − e −1/(2ε) ), which becomes unbounded as ε → 0. We do not discuss such cases in greater detail in this paper.
Let L ε denote the differential operator occurring in (P ε ), which is defined as
Then, L ε satisfies the following comparison principle onΩ.
Proof. We introduce the function v(x), defined by
where
Let q be a point at which v attains its maximum value inΩ. If v(q) ≤ 0, there is nothing to prove. Suppose therefore that v(q) > 0, then the proof is completed by showing that this leads to a contradiction. With the above assumption on the boundary values, either
which is also a contradiction. The only possibility remaining is that
An immediate consequence of the comparison principle is the following stability result, which implies uniqueness of the solution.
It follows from the comparison principle given in the previous lemma that Ψ ± (x) ≤ 0 for all x ∈Ω, which leads at once to the desired bound on u ε . Consider the following decomposition of the solution u ε = v ε +w ε into a nonlayer component v ε and an interior layer component w ε . Define the discontinuous functions v 0 and v 1 by
We now define the discontinuous function v ε by
Define the discontinuous function w ε , which is the layer component of the decomposition, as follows:
. Note that since there is a unique solution to (P ε ), then u ε = v ε + w ε . It is also worth noting that both v ε and w ε are discontinuous at x = d, but by (2.2b) their sum is in C 1 (Ω).
Lemma 4.
For each integer k, satisfying 0 ≤ k ≤ 3, the solutions v ε and w ε of (2.1) and (2.2) , respectively, satisfy the following bounds:
where C is a constant independent of ε.
Proof. Apply the arguments given in [3, Chapter 3] separately on each of the subintervals Ω − and Ω + .
Note that w ε is a discontinuous function which is increasing exponentially (decreasing exponentially) to the left (to the right) of the point x = d.
DISCRETE PROBLEM
A fitted mesh method for problem (P ε ) is now introduced (see [3] for motivation for this choice of mesh). On Ω a piecewise-uniform mesh of N mesh intervals is constructed as follows. The domainΩ is subdivided into the four subintervals
On each subinterval a uniform mesh with N/4 mesh-intervals is placed. The interior points of the mesh are denoted by
Note that this mesh is a uniform mesh when
It is fitted to the singular perturbation problem (P ε ) by choosing σ 1 and σ 2 to be the following functions of N and ε:
Remark. An alternative choice of transition points would bê
The analysis which follows is also applicable to this choice of transition parameters.
On the piecewise-uniform meshΩ N ε a standard upwind finite difference operator is used. Then, the fitted mesh method for (P ε ) is as follows.
Find a mesh function U ε , such that
, and
where D + and D − are the standard forward and backward finite difference operators, respectively. The following lemma shows that the finite difference operator L N ε has properties analogous to those of the differential operator L ε .
Lemma 5. Suppose that a mesh function Z satisfies
Proof. Let x p be any point at which Z(x p ) attains its maximum value onΩ 
Repeat the argument at the point x p−1 . Continue until the boundary point x 0 is reached and a contradiction is achieved. Let us now consider the case of x p = d. Then,
and so
Repeat earlier argument to reach the desired contradiction.
where C is a constant independent of ε and N .
Proof. The proof is the discrete analogue of the continuous stability bound given in Theorem 3.
ERROR ANALYSIS
To bound the nodal error |(U ε −u ε )(x i )|, the argument is divided into two main parts. Initially, we define mesh functions V L and V R , which approximate v ε , respectively, to the left and to the right of the point of discontinuity x = d. Then, we construct mesh functions W L and W R (to approximate w ε on either side of x = d) so that the amplitude of the jump
Also W L and W R are sufficiently small away from the interior layer region. Using these mesh functions the nodal error |(U ε − u ε )(x i )| is then bounded separately outside and inside the layer.
Define the mesh functions V L and V R to be the solutions of the following discrete problems:
Using the following barrier functions, separately, on the appropriate sides of the discontinuity,
one can easily deduce (see [3] ) the following error bounds:
] → R to be the solutions of the following system of finite difference equations:
Note that we can define U ε to be
By Lemma 6 |U ε (d)| ≤ C and with Theorem 3, one easily deduces that
Observe that W L (W R ) satisfies a homogeneous difference equation (4.3a) ((4.3b)) and that W L (0) = 0 (W R (1) = 0). From the arguments in [3, Chapter 3] , for x i ≤ d − σ 1 and, respectively, 
Similarly, for x i ≥ d + σ 2 and σ 2 = (ε/α) ln N, we obtain
We now state and prove the main theoretical result in this paper.
Theorem 7.
The solutions u ε and U ε of (P ε ) and (P N ε ) satisfy the following bound:
whereŪ ε is the piecewise linear interpolant of U ε onΩ and C is a constant independent of N and ε.
Proof. Consider first the case of σ 1 = σ 2 = σ = (ε/α) ln N. From (4.5) and the bounds (4.2), it follows that
Note that for x i ∈ (d − σ, d + σ) \ {d}, using the bounds on the derivatives given in Lemma 4, we have that
, where h = (4σ)/N is the fine mesh size. At the mesh point
Consider the discrete barrier function
We complete the proof by considering the case where at least one of the two transition points σ 1 , σ 2 takes the value d/2 or (1−d)/2. In all such cases ε −1 ≤ C ln N . Applying the discrete comparison principle across the entire domain Ω N ε , we have for
and
Use the barrier function
to get the nodal error estimate
Follow the arguments in [3, Section 3.4], applied separately on the intervals [0, d] and [d, 1] to extend this to the global error bound
Ū ε − u ε Ω ≤ CN −1 (ln N ) 2 .
NUMERICAL EXAMPLE
Consider the particular problem
with the boundary conditions
This problem is solved numerically using (P 
Number of Intervals N 128 256 512 1024 The evident waves in these plots depict the increase in the error between mesh points of the mesh Ω 32 ε . The differences between the numerical solutions for various values of N and the numerical solution for N = 4096, which are indicative of the nodal errors, are presented in Table 1 .
Orders of convergence of the numerical solutions, estimated from the ratios of the two mesh differences, as in [3] are presented in Table 3 . They bear out the theoretical results given above in Theorem 7. , which are again indicative of the nodal errors for these meshes, are presented in Table 4 .
Observe in Table 4 that in the region where εN ≤ 0.25, the maximum pointwise errors actually increase as the mesh is refined. This indicates that the method is not ε-uniform. This undesirable behaviour should be contrasted with the corresponding entries in Table 1 . In Table 1 , the maximum pointwise errors decrease as the mesh is refined irrespective of size of ε. Note also that the maximum pointwise errors are being measured at different mesh points in Tables 1 and 4 . In Table 1 , half of the mesh points in the fitted mesh method are always located within the layer region. In Table 4 , for εN ≤ 0.25, the mesh points on the uniform mesh are located only in the smooth regions outside the interior layers. 
CONCLUSION
A singularly perturbed convection-diffusion problem, with a discontinuous convection coefficient and a singular perturbation parameter ε, was examined. Due to the discontinuity an interior layer appears in the solution. A finite difference method was constructed for solving this problem, which generates ε-uniformly convergent numerical approximations to the solution. The method uses a piecewise uniform mesh, which is fitted to the interior layers, and the standard upwind finite difference operator on this mesh. The main theoretical result is the ε-uniform convergence in the global maximum norm of the approximations generated by this finite difference method. Numerical results were presented, which are in agreement with the theoretical results.
